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Abstract

Empirical risk minimization offers well-known learning grantees when training
and test data come from the same domain. In the real worldgthowe often
wish to adapt a classi er from aourcedomain with a large amount of training
data to differentargetdomain with very little training data. In this work we give
uniform convergence bounds for algorithms that minimizeavex combination
of source and target empirical risk. The bounds explicitigdel the inherent
trade-off between training on a large but inaccurate sodate set and a small but
accurate target training set. Our theory also gives restlien we have multiple
source domains, each of which may have a different numberstdnces, and we
exhibit cases in which minimizing a non-uniform combinatiaf source risks can
achieve much lower target error than standard empiricaiminimization.

1 Introduction

Domain adaptation addresses a common situation that ariessapplying machine learning to di-
verse data. We have ample data drawn frasn@arcedomain to train a model, but little or no training
data from theargetdomain where we wish to use the model [17, 3, 10, 5, 9]. Domdaptation
guestions arise in nearly every application of machineiegr In face recognition systems, training
images are obtained under one set of lighting or occlusionlitions while the recognizer will be
used under different conditions [14]. In speech recognjtecoustic models trained by one speaker
need to be used by another [12]. In natural language praoagssart-of-speech taggers, parsers,
and document classi ers are trained on carefully annot&ggding sets, but applied to texts from
different genres or styles [7, 6].

While many domain-adaptation algorithms have been propdbede are only a few theoretical
studies of the problem [3, 10]. Those studies focus on the w&&re training data is drawn from a
source domain and test data is drawn from a different targetath. We generalize this approach
to the case where we have some labeled data from the targetimiémaddition to a large amount
of labeled source data. Our main result is a uniform convergeébound on the true target risk
of a model trained to minimize a convex combination of enepirisource and target risks. The
bound describes an intuitive tradeoff between the quanfithe source data and the accuracy of
the target data, and under relatively weak assumptions weaapute it from nite labeled and
unlabeled samples of the source and target distributiomsus# the task of sentiment classi cation
to demonstrate that our bound makes correct predictionstabadel error with respect to a distance
measure between source and target domains and the numbeanofg instances.

Finally, we extend our theory to the case in which we have iplelsources of training data, each

of which may be drawn according to a different distributiordanay contain a different number

of instances. Several authors have empirically studieceaiabcase of this in which eaghstance

is weighted separately in the loss function, and instandgh& are set to approximate the target
domain distribution [10, 5, 9, 11]. We give a uniform convemge bound for algorithms that min-



imize a convex combination of multiple empirical sourcésignd we show that these algorithms
can outperform standard empirical risk minimization.

2 A Rigorous Model of Domain Adaptation

We formalize domain adaptation for binary classi cationfallows. A domainis a pair consisting
of a distributionD on X and a labeling functioh : X ! [0;1]. Initially we consider two domains,
asourcedomainhDs; f i and atargetdomainhDy ; f1i.

A hypothesigs a functionh : X ! f 0;1g. The probability according the distributidds that a
hypothesis disagrees with a labeling functidn(which can also be a hypothesis) is de ned as

s(hif) = Exp s [ih(x) f(x)jl:
When we want to refer to thesk of a hypothesis, we use the shorthaggh) = s(h;fs). We

write the empirical risk of a hypothesis on the source doraaily (h). We use the parallel notation
1(h;f), 1(h), and"r (h) for the target domain.

We measure the distance between two distribut@rendD° using a hypothesis class-speci ¢ dis-
tance measure. Léi be a hypothesis class for instance spAceandA be the set of subsets
of X that are the support of some hypothesidiin In other words, for every hypothedis2 H ,
fx:x2X;h(x)=1g 2 Ay. We de ne the distance between two distributions as:

dy (D;D% =2 sup jPrp [A] Prpo[Alj :
A2A 4

For our purposes, the distandg has an important advantage over more common means for com-
paring distributions such ds; distance or the KL divergence: we can compdte from nite
unlabeledsamples of the distributiori3 andD°whenH has nite VC dimension [4]. Furthermore,

we can compute a nite-sample approximationdip by nding a classi erh 2 H that maximally
discriminates between (unlabeled) instances fipandD°[3].

For a hypothesis spa¢é, we de ne the symmetric difference hypothesis spdceH as
H H=fhx) h%x):h;h°2Hg ;

where is the XOR operator. Each hypothegi2 H H labels as positive all points on which a
given pair of hypotheses iH disagree. We can then de ey,  in the natural way as the set of
all setsA such thath = fx : x 2 X ;h(x) 6 h%x)gfor someh; h®2 H . This allows us to de ne as
above a distancd; 4 that satis es the following useful inequality for any hypeses;h®2 H ,
which is straight-forward to prove:

s(ihd  r(ROj ok w(DsiDr):

We formalize the difference between labeling functions leasuring error relative to other hypothe-
ses in our class. Thideal hypothesisninimizes combined source and target risk:

h =argmin s(h)+ t(h):
h2H

We denote the combined risk of the ideal hypothesis by s(h )+ 1(h ). Theideal hypothesis

explicitly embodies our notion of adaptability. When thedtéypothesis performs poorly, we
cannot expect to learn a good target classi er by minimizogrce errof. On the other hand, for

the kinds of tasks mentioned in Section 1, we expetd be small. If this is the case, we can
reasonably approximate target risk using source risk amditance betwedds andD~ .

We illustrate the kind of result available in this settingtwihe following bound on the target risk

in terms of the source risk, the difference between labdlimgtionsfs andf 1, and the distance
between the distribution®s andD+. This bound is essentially a restatement of the main theorem
of Ben-David et al. [3], with a small correction to the stawrhof their theorem.

1This notion of domain is not the domain of a function. To avoid confusianwil always mean a speci c
distribution and function pair when we say domain.

20f course it is still possible that the source data contains relevant inflamebout the target function even
when the ideal hypothesis performs poorly — suppose, for examplef,glix) = 1 if and only iff+ (x) = 0
— but a classi er trained using source data will perform poorly on daienfthe target domain in this case.



Theorem 1 LetH be a hypothesis space of VC-dimensiband Us, Ut be unlabeled samples of

sizem® each, drawn fronDg and D, respectively. Lefl; n be the empirical distance ods,
Ur, induced by the symmetric difference hypothesis spach.pidbability at leastl (over the
choice of the samples), for evem2 H ,

S

r() s+ Sy w(UsiUr)+a

2dlog(2m9) + log( %)
m?o ¥

The corrected proof of this result can be found Appendik Fhe main step in the proof is a variant
of the triangle inequality in which the sides of the triangpresent errors between different decision
rules [3, 8]. The bound is relative ta When the combined error of the ideal hypothesis is large,
there is no classi er that performs well on both the source tamget domains, so we cannot hope
to nd a good target hypothesis by training only on the sowdomain. On the other hand, for small

(the most relevant case for domain adaptation), Theorenowssthat source error and unlabeled
H H-distance are important quantities for computing targegtrer

3 A Learning Bound Combining Source and Target Data

Theorem 1 shows how to relate source and target risk. We nogepd to give a learning bound for
empirical risk minimization using combined source andéatgpining data. In order to simplify the
presentation of the trade-offs that arise in this scenamcstate the bound in terms of VC dimension.
Similar, tighter bounds could be derived using more sojtsitdd measures of complexity such as
PAC-Bayes [15] or Rademacher complexity [2] in an analogoag

At train time a learner receives a samfile= ( St;Ss) of m instances, wher& consists of m
instances drawn independently frdds andSs consistsof1  )m instances drawn independently
from Ds. The goal of a learner is to nd a hypothesis that minimizegearisk t(h). When

is small, as in domain adaptation, minimizing empiricag&rrisk may not be the best choice. We
analyze learners that instead minimize a convex combinati@mpirical source and target risk:

f(h)= Ay +@ o )s(h)

We denote as (h) the corresponding weighted combination of true source arget risks, mea-
sured with respect tbs andD+ .

We bound the target risk of a domain adaptation algorithrhrtfiaimizes™ (h). The proof of the
bound has two main components, which we state as lemmas.bElmst we bound the difference
between the target risk (h) and weighted risk (h). Then we bound the difference between the
true and empirical weighted risks(h) and” (h). The proofs of these lemmas, as well as the proof
of Theorem 2, are in Appendix B.

Lemma 1 Leth be a hypothesis in clags. Then
. . 1
o r(i @) 50w w(DsiDr)+

The lemma shows that asapproaches 1, we rely increasingly on the target data, anditfiance
between domains matters less and less. The proof uses ardieaihnique to that of Theorem 1.

Lemma 2 LetH be a hypothesis space of VC-dimensibnlf a random labeled sample of size
m is generated by drawingn points fromD+ and (1 )m points fromDs, and labeling them
according tof s and f 1 respectively, then with probability at lea%t (over the choice of the
samples), for everlg 2 H

S

—r
A . 2 (1 )2z dlog(2zm) log
OO >

3A longer version of this paper that includes the omitted appendix can el fanithe authors' websites.



The proof is similar to standard uniform convergence pr¢d6 1], but it uses Hoeffding's in-
equality in a different way because the bound on the rangkeofandom variables underlying the
inequality varies with and . The lemma shows that asmoves away from (where each instance
is weighted equally), our nite sample approximation tqh) becomes less reliable.

Theorem 2 LetH be a hypothesis space of VC-dimengioet Us andUr be unlabeled samples
of sizem%each, drawn fronDs andD+ respectively. Le® be a labeled sample of sine generated
by drawing m points fromD+ and (1 )m points fromDg, labeling them according tbs and
fr, respectively. Ifi 2 H is the empirical minimizer of (h) onS andhy = minnhon 1(h) is the
target risk minimizer, then with probability at leakt  (over the choice of the samples),

S
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When =0 (thatis, we ignore target data), the bound is identical &b ¢tii Theorem 1, but with an
empirical estimate for the source error. Similarly whes 1 (that is, we use only target data), the
bound is the standard learning bound using only target ddtde optimal (which minimizes the
right hand side), the bound is always at least as tight asraittthese two settings. Finally note that
by choosing different values of, the bound allows us to effectively trade off the small antaafn
target data against the large amount of less relevant sdatae

We remark that when it is known that= 0, the dependence an in Theorem 2 can be improved;
this corresponds to the restricted or realizable setting.

4 Experimental Results

We evaluate our theory by comparing its predictions to eiwgliresults. While ideally Theorem 2
could be directly compared with test error, this is not grattbecause is unknown,dy u is
computationally intractable [3], and the VC dimensidris too large to be a useful measure of
complexity. Instead, we develop a simple approximation leédrem 2 that we can compute from
unlabeled data. For many adaptation taskis small (there exists a classi er which is simultane-
ously good for both domains), so we ignore it here. We appnatedy y by training a linear
classi er to discriminate between the two domains. We ustaadard hinge loss (normalized by
dividing by the number of instances) and apply the quaritity hinge loss in place of the actual
dy n.Let (Us;Ur) be our approximation tdy p, computed from source and target unlabeled
data. For domains that can be perfectly separated with marflls; Ur) =1. For domains that
are indistinguishable,(Us; Ur )=0. Finally we replace the VC dimension sample complexity term
with a tighter constant. The resulting approximation to the bound of Theorem 2 is

s

_ ¢ z,a p
O= w71

+@ ) (Us;Ur): 1)

Our experimental results are for the task of sentimentictad®n. Sentiment classi cation systems
have recently gained popularity because of their poteagiplicability to a wide range of documents
in many genres, from congressional records to nancial neBscause of the large number of
potential genres, sentiment classi cation is an ideal dogadlomain adaptation. We use the data
provided by Blitzer et al. [6], which consists of reviews afla types of products from Amazon.com:
apparel, books, DVDs, electronics, kitchen appliancesimuideo, and a catchall category “other”.
The task is binary classi cation: given a review, predictetiiner it is positive (4 or 5 out of 5 stars)
or negative (1 or 2 stars). We chose the “apparel” domain asaoget domain, and all of the plots
on the right-hand side of Figure 1 are for this domain. We iob¢émpirical curves for the error
as a function of by training a classi er using a weighted hinge loss. Suppbsetarget domain
has weight and there arem target training instances. Then we scale the loss of targigiirig
instance by= and the loss of a source training instancdby )=(1 ).
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Figure 1: Comparing the bound with test error for sentiméagsi cation. Thex-axis of each gure
shows . They-axis shows the value of the bound or test set error. (a)ata)(e) depict the bound,
(b), (d), and (f) the test error. Each curve in (a) and (b) @sents a different distance. Curves in
(c) and (d) represent different numbers of target instanCesves in (e) and (f) represent different
numbers of source instances.

Figure 1 shows a series of plots of equation 1 (on the top)ledupith corresponding plots of test
error (on the bottom) as a function offor different amounts of source and target data and difteren
distances between domains. In each pair of plots, a singeper (distance, number of target
instancesnt, or number of source instancess) is varied while the other two are held constant.
Note that = mt=(mt + mg). The plots on the top part of Figure 1 are not meant to be nuwaleri
proxies for the true error (For the source domains “bookst ‘avd”, the distance alone is well
above%). Instead, they are scaled to illustrate that the boundnisiai in shape to the true error
curve and that relative relationships are preserved. Bpsihg a differentC in equation 1 for each
curve, one can achieve complete control over their mininmaorder to avoid this, we only use a
single value ofC =1600 for all 12 curves on the top part of Figure 1.

First note that in every pair of plots, the empirical errorvas have a roughly convex shape that
mimics the shape of the bounds. Furthermore the value which minimizes the bound also has
a low empirical error for each corresponding curve. Thiggasts that choosing to minimize the
bound of Theorem 2 and subsequently training a classi eritomize the empirical errof (h) can
work well in practice, provided we have a reasonable meastucemplexity* Figures 1a and 1b
show that more distant source domains result in highertamer. Figures 1c and 1d illustrate that
for more target data, we have not only lower error in genérdlalso a higher minimizing. Finally,
gures le and 1f depict the limitation of distant source datéth enough target data, no matter how
much source data we include, we always prefer to use onlyatigettdata. This is re ected in our
bound as a phase transition in the value of the optim@overning the tradeoff between source and
target data). The phase transition occurs wimgn= C= (Us: Uy )? (See Figure 2).

4Although Theorem 2 does not hold uniformly for allas stated, this is easily remedied via an application
of the union bound. The resulting bound will contain an additional logaritfiauitor in the complexity term.
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Figure 2: An example of the phase transition in the optimalThe value of which minimizes
the bound is indicated by the intensity, where black meansl (corresponding to ignoring source
and learning only from target data). We @ = 1600 and (Us; Ur) = 0:715 as in our sentiment
results. Thex-axis shows the number of source instances (log-scale)y¥hés shows the number
of target instances. A phase transition occurs at 3,13@tangtances. With more target instances
than this, it is more effective to ignore even an in nite ambof source data.

5 Learning from Multiple Sources

We now explore an extension of our theory to the case of nlal8purce domains. We are pre-
sented with data fro\ distinct sources. Each sourBgis associated with an unknown underlying
distributionD; over input points and an unknown labeling functign From each sourc§; , we

are givenm; labeled training instances, and our goal is to use thesarioss to train a model to
perform well on a target domahDy ; f +i, which may or may not be one of the sources. This setting
is motivated by several new domain adaptation algorithn@s $1 11, 9] that weigh the loss from
training instances depending on how “far” they are from @rgét domain. That is, each training
instance is its own source domain.

As in the previous sections, we will examine algorithms tmimize convex combinations of

trainiBg errors over the labeled examples from each souroath. As before, we leh; = ;m
with J-N:l j =1. Givenavector =( 1; ; n)ofdomainweights with ; ; =1, we
de ne the empirical -weighted error of functioh as
X oo X
"~ (h)= Ay = jhe) f (i
j=1 j=t ) x2s;

The true -weighted error (h) is de ned analogously. LeD be a mixture of theN source
distributions with mixing weights equal to the components o Finally, analogous to in the
single-source setting, we de ne the error of the multi-saudeal hypothesis for a weightingas

X
=minf r(h)+ (Wg=minf (+  ;(hg:
j=1
The following theorem gives a learning bound for empiriégk minimization using the empirical
-weighted error.

Theorem 3 Suppose we are given; labeled instances from sour& forj =1 :::N. Fora xed

vector of weights letf = argmin,y * (h), and leth; = argmin,,, t(h). Then for any
2 (0; 1), with probability at leastl (over the choice of samples from each source),
%

Py (R —
i dlog2m log

u
X
) r(hp+2t n

1
+2 +§dH H(D ;D7)
=1 !
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Figure 3: A 1-dimensional example illustrating how nonfanin mixture weighting can result in
optimal error. We observe one feature, which we use to prgdicder.(a) At train time we observe
more females than malef) Learning by uniformly weighting the training data causesodgarn a
suboptimal decision boundarfg) but by weighting the males more highly, we can match the targe
data and learn an optimal classi er.
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The full proof is in appendix C. Like the proof of Theorem Zsisplit into two parts. The rst part
bounds the difference between theweighted error and the target error similar to lemma 1. The
second is a uniform convergence bound/foth) similar to lemma 2.

Theorem 3 reduces to Theorem 2 when we have only two souncesfavhich is the target domain
(that is, we have some small number of target instancesy rttdre general, though, because by
manipulating we can effectively change the source domain. This has tweerprences. First,
we demand that there exists a hypothésisvhich has low error on both the-weighted convex
combination of sources and the target domain. Second, weuredistance between the target and
a mixture of sources, rather than between the target andjbe siaurce.

One question we might ask is whether there exist settingserdn@on-uniform weighting can lead
to a signi cantly lower value of the bound than a uniform wetigpg. This can happen if some
non-uniform weighting of sources accurately approximatestarget domain. As a hypothetical
example, suppose we are trying to predict gender from h€kjgure 3). Each instance is drawn
from a gender-speci ¢ Gaussian. In this example, we can Imgl dptimal classi er by weighting
the “males” and “females” components of the source to matehdrget.

6 Related Work

Domain adaptation is a widely-studied area, and we cannpé o cover every aspect and ap-
plication of it her€. Instead, in this section we focus on other theoretical @aghres to domain
adaptation. While we do not explicitly address the relatigmsn this paper, we note that domain
adaptation is closely related to the setting of covariaift, sthich has been studied in statistics. In
addition to the work of Huang et al. [10], several other atgh@ve considered learning by assigning
separate weights to the components of the loss functioegponding to separate instances. Bickel
at al. [5] and Jiang and Zhai [11] suggest promising emgdigorithms that in part inspire our
Theorem 3. We hope that our work can help to explain when talggeithms are effective. Dai et
al. [9] considered weighting instances using a transfearawariant of boosting, but the learning
bounds they give are no stronger than bounds which compligtebre the source data.

Crammer et al. [8] consider learning when the marginal idbistion on instances is the same across
sources but the labeling function may change. This cormedpadn our theory to cases where
dy n =0 but islarge. Like us they consider multiple sources, but thetiam of weighting

is less general. They consider only including or discardirsgurce entirely.

Li and Bilmes [13] give PAC-Bayesian learning bounds for@déon using “divergence priors”.
They place source-centered prior on the parameters of alreadteed in the target domain. Like

>The NIPS 2006 Workshop on Learning When Test and Training Inpat IDifferent Distributions
(http://ida.first.fraunhofer.de/projects/different06 /') contains a good set of refer-
ences on domain adaptation and related topics.



our model, the divergence prior also emphasizes the trhdetfveen source and target. In our
model, though, we measure the divergence (and consequbethias) of the source domain from
unlabeled data. This allows us to choose the best tradewiEles source and target labeled data.

7 Conclusion

In this work we investigate the task of domain adaptationmwve have a large amount of train-
ing data from a source domain but wish to apply a model in setaigmain with a much smaller
amount of training data. Our main result is a uniform coneaag learning bound for algorithms
which minimize convex combinations of source and targetigogb risk. Our bound re ects the
trade-off between the size of the source data and the agcofabe target data, and we give a
simple approximation to it that is computable from nite &bd and unlabeled samples. This ap-
proximation makes correct predictions about model test éor a sentiment classi cation task. Our
theory also extends in a straightforward manner to a maliree setting, which we believe helps to
explain the success of recent empirical work in domain aadtipt.

Our future work has two related directions. First, we wistighten our bounds, both by considering
more sophisticated measures of complexity [15, 2] and byding our distance measure on the most
relevant features, rather than all the features. We alsotplanvestigate algorithms that choose a
convex combination of multiple sources to minimize the bimTheorem 3.
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A Proof of Theorem 1

The proof of Theorem 1 makes use of the following simple iraditpawhich is straight-forward to
prove®. For any hypothesds h®2 H ,

i s(h;h® 1 (h;h9 %dH H(Ds;Dr):

The proof also relies heavily on the triangle inequality é@ssi cation error [3, 8] which implies
that for any labeling functionk, f,, andfs, s(f1;f2) s(f1;f3) + s(f2;f3). Similarly, for
the target domain, for arfy, fo, andfz, +(f1;f2) T(fy;fa)+ 1(fof3).

1(h) t(h)+ s(hyh) )+ sthih)+jt(h;h) s(h;h)j
r(h)+ s(hih)+ 2dy 1(Ds;Dr)
r(h)+ s+ s(h)+ 2du w(Ds;Dr)

1
= g(h)+ EdH H(Ds; D7)+
s

s(h) + %&4 H(Us;Ur)+4

2dlog(2m9) + log( %)
+
mO

The last step in the proof is an application of Theorem 3.4 efi-Bavid, Gehrke, and Kifer [4],
together with the observation that since we can represenyg? H H as a linear threshold net-
work of depth 2 with 2 hidden units, the VC dimensiontbf H is at most twice the VC dimension
of H [1]. [

B Proof of the main theorem

B.1 Proof of Lemma 1

This proof again relies heavily on the triangle inequalidy é¢lassi cation error.
o) cMj=@  isth)y 1 (h)j
@ st shih)j+jsthih) r(hh)i+jr(hih)  1(h)j]
@ DIsth)+jsthih) 1(hih)j+ 1(h)]

@ )z 4(DsiDD)+ )

[ |
B.2 Proof of Lemma 2
We begin by restating Hoeffding's inequality.
Hoeffding's inequality
If X1;X2;:::;X,, areindependentarad  X; b(i=1;2;:::;n),thenfor > 0

P n
Prix EXJj 2e 2° 7= fa b A

whereX = (X1 + + Xpn)=n.
Let X1;:::; X n be random variables that take on the valges )jh(x) f1(x)j for the m
instancesx 2 Sr. Similarly, letX n, +1;:::;Xm be random variables that take on the values

5Ben-David et al. [3] incorrectly stated this inequality in the original proofb&orem 1. They wrote it
usingdy instead of}dn .



@ )=1 )Hjh(x) fs(x)jforthe(l )minstancex 2 Ss. NotethaiX;:::;X n 2[0; = ]
andX 415005 Xm 2 [0; (1 )=(1 )]. Then

A= N+ @ 0 )s(h)
1 X 1

= — jhx) fr(xj+@ )

m m jh(x) fs(x)j=
X2 St

X2 Ss i=1

Furthermore, by linearity of expectations

1
EM (h)]= m-—r(+@ Imz s(h))
= t(h)+@ ) s(h)y= (h):
So by Hoeffding's inequality the following holds for evelny
2m2 2
Pr[j® (h h)j 2exp P
g~ (hy  (hj ] po T rang@ (X)) .
2m2 2
=2exp % 5 2&
m - +@1 )m }—
!
2
=2exp 27m2
R )

The remainder of the proof for hypothesis classes of nite 8ihension follows a standard argu-
ment. In particular, the reduction to a nite hypothesissslaising the growth function does not
change [16, 1]. This, combined with the union bound, givethagprobability that there existny
hypothesidh 2 H, j* (h) (h)j . Substituting for the probability and solving gives us

_ :4_(1 )2 dlog(2m) log
- 1 2m

B.3 Proof of Theorem 2

The proof follows the standard set of steps for proving legyrbounds [1], using Lemma 1 to
bound the difference between target and weighted error&amna 2 for the uniform convergence
of empirical and true weighted errors. Below we use L1, L2} hm1 to indicate that a line of the
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proof follows by application of Lemma 1, Lemma 2, or Theorenedpectively.

T (f) (hy+( ) %dH H(Ds; D7)+ (L1)

S r
2 1 2 dlog(2 I 1
nfys e G OB T8 Ly Ty LosiDn+ 2
s
2 1 2 dlog(2 I 1
A (he) + 7+(1 ) og( r;rzl 9 +(1 ) édH H(Ds;D7)+
S
2 (1 )2 dlog@2m) | 1
(ho)+2 7+(1 ) og( 221 °9 ,a ) 5t w(DsiDT)* (D)
S —
2 (1 )2 dlog2m) | 1
F(hr)+2 7+(1 ) og( 221 0g 20 ) EdH h(Ds:DT)+  (L1)
s
2 (1 )2 dlog(2m) log
thr)+2 —+ = m *
0 s 1
4
20 )@3dy w(UsiUr)+4 Zdlog(zmn?oHOQ( L+ A my
n

C Proof of Theorem 3
Lemma 3 Leth be a hypothesisin clag$. Thenj (h) t(h)j dy (D ;D7) +

Proof:

jo(h)y ()i O (h)y  (hch)j+j (hih)  r(hih)ji+jr(hih) 1 (h)j]
[ (h)+j (hh)  <(hih)j+ 1(h)]

(%dH H(D D7)+ )
|

Lemma 4 LetH be a hypothesis space of VC-dimendioitf a random labeled sample of siaeis
generated by drawing; m points fromD; , and labeling them according fg, then with probability
at leastl (over the choice of the samples), for evarg H :

r
X i dlog(2m) log

U
Py mi<t b

J

Proof: Because of its similarity to the proof of Lemma 2 (in Appen@&i2), we will omit some

details of this proof. LeKy;:::; X  m be random variables that take on the valligs= j)jh(x)
fj(x)j forthe jminstancex 2 Sj. Note thatX;;:::;X ;m 2 [0; j=;]. Then
X X 1 X 1 X
N = VAN = . i . i = .
(h) o  (h) iTm ihG) - i x)i= — X
j=1 ji=1 x2S =1

By linearity of expectations again, we ha¢* (h)]= (h).
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By Hoeffding's inequality the following holds for evety.

: . 2m? 2
Prii® (h) Mj 1 2exp0 P - rapge(X )
=2exp @PZL:A :
L
[
The remainder of the proof is identical to the proof of Lemma 2 [ |

The proof of Theorem 3 combines Lemmas 3 and 4, following antidal argument to the proof of
Theorem 2.
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